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Abstract

A resistance-in-series model is developed to quantitatively predict the heat and mass transfer processes for
turbulent ¯uid ¯ow through tubes and circular conduits under uniform wall temperature condition. An analogy

between heat, mass and momentum transfer has been suggested using Fanning number (Fa ) for momentum
transfer. A modi®ed eddy di�usivity expression for the turbulent boundary layer near a smooth wall has been
obtained from earlier models. This eddy di�usivity expression is used to predict radial temperature or concentration

pro®le as well as ®lm coe�cients that are in good agreement with the experimental studies over wide range of
Prandtl or Schmidt numbers. The proposed equations are compared with Chilton±Colburn analogy and other semi-
theoretical models using wide range of experimental data. # 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Solid±liquid heat and mass transfer through tubes
and conduits is of practical importance for the design
and development of various unit operations. Many in-
vestigations have been done both theoretically and ex-

perimentally. In these previous studies, the
experimental ®lm coe�cients were expressed in terms
of dimensionless groups such as the Reynolds number

(Re ), Schmidt or Prandtl number (Sc or Pr ). These
equations can be represented as,

Nu � aReb Prc �1�

However, signi®cant di�erences in the values of a, b,

and c have been observed. These discrepancies are

mainly due to a lack of attention on hydrodynamic
and thermal entry e�ects and on the fundamentals of
transport process. The Colburn analogy recommends a

value of 0.023, 0.80 and 0.33, while Dittus±Boelter
equation gives 0.023, 0.80 and 0.4 for a, b and c. Gilli-
land and Sherwood [1] used the data of vaporization
of liquids in a wetted wall column (a gas±liquid pro-

cess) and obtained the value 0.44 for c, which is cited
by most of the textbooks for gas±solid mass transfer.
Recently, Dudukovic et al. [2] explained the discre-

pancy in the interpretation and supported the Colburn
analogy.
In the past, few semi-theoretical models including

the friction factor have also been proposed by
many researchers. Table 1 lists the signi®cant litera-
ture correlations of this kind. Some models [3±5]

have been developed using approximate solutions
for Lyon transport equation. A generalized formu-
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lation of the analogy between heat and momentum

transfer [6] was used by Friend and Metzner [7] to

deduce a semi-theoretical correlation. Gnielinski [8]

extended the equation of Petukhov and Popov [3]

to higher Pr by modifying the exponent on Re.

Pinczewski and Sideman [9] adapted the modi®ed

surface renewal concept assuming that the ¯uid

renewal at the surface occurs infrequently. However,

less information could be deduced regarding radial

temperature or concentration pro®les and Prt vari-

ation from these models. Previous researchers have

assumed that only wall region controls the transfer

process and the molecular di�usivity contribution to

the transfer process is small and may be omitted in the

bu�er layer. Although this assumption is true at high

Pr/Sc, it is no longer applicable for fully developed

turbulent ¯uid ¯ow over wide range of Pr/Sc.

The aim of the present work is to develop a new for-

mulation for prediction of transfer processes in fully

developed turbulent ¯uid ¯ow through tubes using a

simple and fundamental approach, similar to the

model developed by Hughmark [10]. It is assumed that

all the three layers namely; viscous sub-layer, bu�er

region, and the turbulent core o�er resistance to the

transfer process in series. The present analysis accounts

for variation of heat or mass ¯ux and turbulent
Prandtl number in radial direction. A new eddy di�u-

sivity expression of the form proposed by Notter and
Sleicher [11] has been characterized for turbulent ¯uid
¯ow near the wall with the parameters of Churchill
[12]. This eddy di�usivity expression has been used in

the present theory to predict temperature or concen-
tration pro®les and transfer coe�cients. The analysis
presented in this article is by relating momentum and

energy ¯uxes and the results can be directly applied to
mass transfer by replacing appropriate terms with
analogous quantities.

2. Theory

A brief physical representation about the turbulent
transport mechanism for a hot ¯uid ¯owing in a pipe
with cooled walls is shown in Fig. 1. In case of turbu-

lent ¯uid ¯owing past a solid surface, three layers
namely the viscous sub-layer near the surface, bu�er
region and the turbulent layers exist. In the turbulent

core the thermal energy is transported quickly from
place to place by means of eddies, causing a small tem-
perature di�erence. On the other hand, close to the

Nomenclature

a, b, c constants in Eq. (1)
A constant in Eq. (14)
cp speci®c heat capacity (J/(kg K))

C+ dimensionless concentration
D di�usion coe�cient (m2 sÿ1)
d diameter of the pipe (m)

f fanning friction factor, dimensionless
F function de®ned in Eq. (16), dimensionless

temperature

h heat transfer coe�cient (J/(s m2 K))
K mass transfer coe�cient (m sÿ1)
k thermal conductivity (J/(s m K))
km momentum transfer coe�cient (m/s)

q heat ¯ux (J sÿ1 mÿ2)
r radius of the pipe (m)
T temperature (K)

T+ dimensionless temperature
u axial velocity (m sÿ1)
u+ dimensionless velocity, u=�tw=r�1=2
ub average axial velocity (m sÿ1)
y radial distance (m)
y+ dimensionless distance from the wall,

y�tw=r�1=2=n

Dimensionless
Fa Fanning number, kmd=n
Nu Nusselt number, hd=k
Pr Prandtl number, cpm=k
Prt turbulent Prandtl number, eM=eH

Re Reynolds number, dub=n
Sc Schmidt number, v/D
Sh Sherwood number, Kd=D
St Stanton number, Sh=�Re Sc�, Nu=�Re Pr�

Greek symbols

a molecular thermal di�usivity (m2 sÿ1)
eH eddy di�usivity of heat (m2 sÿ1)
eM eddy viscosity (m2 sÿ1)
n kinematic viscosity (m2 sÿ1)
f turbulent Prandtl number in turbulent core
r density (kg/m3)

t shear stress (kg mÿ1 sÿ2)

Subscripts
b bulk
i interface

t turbulent layer
v-b viscous-bu�er zone
w wall
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wall, in viscous sub-layer and bu�er region the trans-
port is by both molecular conduction and eddy di�u-
sion. For convenience this region may be called as

viscous-bu�er zone (v-b zone). This results in wider
temperature gradient in the region near the wall.
Hence, based on the transport mechanism the radial
plane can be divided into two regions, namely viscous-

bu�er zone and turbulent core separated by an inter-
face. With this picture, the present model is developed
with the following assumptions:

1. The ¯uid is Newtonian, incompressible, and has
constant transport properties independent of time
and position in the space. Previously developed one-

dimensional models often assume invariable trans-
port properties. During turbulent ¯uid ¯ow this
assumption is valid for most of the mass transfer

studies and under small temperature gradient in
heat transfer studies.

2. The turbulent ¯ow through smooth tube is fully

developed with no foam drag and entrance e�ects.
The e�ect of body forces is small in comparison to
that of viscous and inertial forces.

3. The axial velocity pro®le is independent of axial

coordinate, similarly the temperature and concen-
tration gradients.

4. The mass and energy ¯uxes vary in the radial direc-

tion. Previous works often assumed that ¯ux varies
linearly with respect to y,

q

qw

�
�
1ÿ y

r

�
�2�Fig. 1. Sketch showing temperature changes in (a) viscous-

bu�er zone and (b) turbulent core.

Table 1

List of signi®cant literature correlations

Reference Pr/Sc Re Correlation

Petukhov and Popov [3] 0.5±2000 2300±5� 106 St �
f
2

�
1ÿ 180

Re0:75

�
1:07�12:7

���
f
2

q
�Pr2=3 �

ÿ 1

Petukhov [4] 0.5±2000 2300±5� 106 St �
f
2

1:07�12:7
���
f
2

q
�Pr2=3 �

ÿ 1

Sandall et al. [5] 0.7±106 104±2� 105 St �
���
f
2

q h
12:48Pr2=3 ÿ 7:853Pr1=3 � 3:613 ln�Pr� � 5:8� 2:78 ln

�
Re

�����
f=8
p
45

�iÿ1
Friend and Metzner [7] 0.5±3000 104±106 St �

f
2

1:20�11:8
���
f
2

q
�Prÿ1��Pr�ÿ1=3

Gnielinski [8] 0.6±105 2300±106 St �
f
2

�
1ÿ 1000

Re

�
1:07�12:7

���
f
2

q
�Pr2=3 �

ÿ1

Pinczewski and Sideman [9] 0.5±10 2300±106 Sh � 0:064
���
f
2

q
ReSc1=2�1:10� 0:44Scÿ1=3 ÿ 0:7Scÿ1=6�

10±1000 2300±106 Sh � 0:0672
���
f
2

q
Re Sc1=3
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A few others, following Reynolds analogy assumed
constant heat ¯ux in the radial direction,

q � qw �3�
Earlier researchers found that the introduction of

either assumption did not introduce great errors in
representing the transfer processes. However, in the
present work radial variation of mass or energy ¯ux
is taken into account by dividing the radial region

into viscous-bu�er zone and turbulent core. The
¯ux at the interface is considered in radially oppo-
site directions, as represented in Fig. 1 by following

equations.
Flux at the interface towards the wall,

qi�v-b� � hv-b�Ti ÿ Tw � �4�
Flux at the interface towards the axis,

qi�t� � ÿht�Ti ÿ Tb � �5�

Although the ¯uxes in the opposite direction are

practically impossible for ¯uid ¯ow through pipe,
Eqs. (4) and (5) are mathematically valid as the ¯ux
can be represented in the form of negative tempera-

ture gradient.
5. The shear stress is constant in the radial direction.

Deissler and Eian [13] have found that the velocity,
temperature, and concentration pro®les are rela-

tively insensitive to shear stress distribution for fully
developed turbulent ¯uid ¯ow, hence can be
assumed constant.

6. The eddy di�usivity and eddy viscosity ratio varies
along with the distance from the wall in the v-b
zone and independent of Pr. Hence, the eddy di�u-

sivity expressions suggested by Deissler [14] and
many other researchers were not included in the pre-
sent analysis as they essentially assume eddy di�u-
sivity and eddy viscosity are equal or directly

proportional, while the experimental observations
[15] does not agree with this assumption. However,
direct numerical simulations presented by Lyons et

al. [16] suggest Prt to be unity at the wall. Hence, in
the present case it is assumed that as y+4 0,
Prt=1.

7. The eddy di�usivity controls transfer process in vis-
cous-bu�er zone, while eddy viscosity controls the
transport in turbulent core.

2.1. Development of model

In turbulent layer, the intensity of eddies will be

higher than the v-b zone. Therefore, during the trans-
fer process, the resistance to the exchange of heat
between the bulk ¯uid and the solid surface is often

con®ned to the viscous and bu�er region. Although
the resistance in turbulent core is smaller than v-b

zone, it is appreciable at low Pr. Thus the total resist-
ance to the transfer process is the sum of the resist-
ances in the viscous-bu�er zone and turbulent layer,

represented by,

1

h
� 1

hv-b
� 1

ht

�6�

Eq. (6) represents a two-layer resistance separated by
an interface, similar to that proposed by Hughmark

[10]. The v-b zone and the turbulent core resistances in
Eq. (6) are similar to the boundary layer resistance
and the resistance corresponding to random eddies in

the region beyond the boundary layer of Hughmark
[10]. For a fully developed turbulent ¯ow, the shear
stress and the heat ¯ux can be written as,

t � �m� reM �du
dy

�7�

q � rcp�a� eH �dT
dy

�8�

In the viscous-bu�er region, Eq. (8) on integration

with the boundary conditions: T � Tw at y � 0 and
T � Ti at y � yi, and rearranging yields,

�Ti ÿ Tw �
qi�v-b�

� 1

cp
��������
twr
p

� y�
i

0

dy�

1

Pr
� eH

ÿ
y�
�

n

�9�

Combining Eqs. (4) and (9) yields,

1

hv-b
� 1

cp
��������
twr
p

� y�
i

0

dy�

1

Pr
� eH

ÿ
y�
�

n

�10�

As the transport is mainly by eddy means, the molecu-

lar di�usivity and the viscosity can be neglected in the
turbulent core. Combining Eqs. (7) and (8) and inte-
grating along the turbulent layer with the boundary

conditions: T � Tb at u � ub and T � Ti at u � ui,
yields,

Tb ÿ Ti

ub ÿ ui

� qi�t�
cptw

�
eM

eH

�
t

�11�

The velocity at the interface can be represented in
terms of dimensionless velocity (u+). With Eq. (5), Eq.
(11) reduces to,

1

ht

� ubf
cptw

 
1ÿ u�i

����
f

2

r !
�12�

where f represents the eddy viscosity to eddy di�usiv-
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ity ratio in the turbulent core. Eqs. (10) and (12) can
be added using the resistance in series de®nition (see

Eq. (6)) and simpli®ed to the following form,

St �
f

2

f�
����
f

2

r 0B@
� y�

i

0

dy�

1

Pr
� eH

ÿ
y�
�

n

ÿ u�i f

1CA
�13�

The integral function in Eq. (13) can be evaluated
using an accurate expression for eddy di�usivity in vis-

cous sub-layer and bu�er region. Extensive literature
on eddy di�usivity relations has been reviewed by Not-
ter and Sleicher [11]. Most of the previous works have

been dealt with the assumption of Prt varying from 0.8
to 0.9, suggesting eddy mixing length of heat always
greater than momentum mixing length. However,
observed values [15] of Prt in the radial direction

suggests that an eddy can carry heat to a lesser dis-
tance than momentum in the region near the wall. In
e�ect, Prt can also be greater than unity. In this work

the expression of the form suggested by Notter and
Sleicher [11] have been used to represent the eddy dif-
fusivity.

eH

n
� Ay�3"

1�
�

A

0:011

�2

y�2

#1=2
�14�

Eq. (14) is selected as it apparently follows the power
law ( y 3) distribution near the wall �y� < 5� and trans-
forms smoothly to the quadratic order in the bu�er

layer as suggested by many researchers. The constant
(A ) in Eq. (14) can be obtained using the assumption

{6}, y�40, eM� eH [16]. In the present analysis, A was
assumed to be 7 � 10 ÿ4 the value indicated by
Churchill [12]. With this value of A, the eddy di�usiv-

ity expression can be written as,

eH

n
� 0:0007y�3�

1� 0:00405y�2
�1=2 �15�

Eq. (15) is found applicable in the region 0 < y� < 30
for ¯uids of Pr/Sc one or greater, and the law of wall
suggests that this equation is universal for all turbulent
boundary layers. The integral function of Eq. (13) can

be numerically evaluated using Eq. (15) and rep-
resented as F�Pr, y��:

F
ÿ
Pr, y�

� � � y�

0

dy�

1

Pr
� 0:0007y�3ÿ

1� 0:00405y�2
�1=2 �16�

Eq. (16) also represents the dimensionless temperature
pro®le for turbulent ¯uid ¯ow through pipes and tubes
at various Pr. Therefore the function corresponding to

interfacial distance represents the dimensionless tem-
perature at the interface. Applying the assumption {7}
that eddy viscosity controls the transfer process in tur-

bulent core, eddy di�usivity �eH� in Eq. (11) can be
replaced with eddy viscosity �eM). Hence with f � 1,
Eq. (13) simpli®es to,

Fig. 2. Graphical representation of F�Pr, y�� at various Pr/Sc.
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St �
f

2

1�
����
f

2

r ÿ
T �i ÿ u�i

� �17�

The thickness of interface from the wall is assumed
constant �y� � 26�, as recommended in most of the

previous works. The velocity at the interface can be
found out using the von Karman relation for dimen-
sionless velocity.

u� � 5 ln
ÿ
y�
�ÿ 3:05 �18�

Hence Eq. (17) can be written as

St �
f

2

1�
����
f

2

r
�F�Pr, 26� ÿ 13:2�

�19�

Lin et al. [17] and many other researchers have derived
expressions similar to Eq. (17) using material balance
approach with the assumptions of constant heat ¯ux,

and Prt � 1:

2.2. Analogy between transfer processes in turbulent
pipe ¯ow

The analogy between heat, mass and momentum
transfer can be described for turbulent pipe ¯ow by

introducing momentum transfer coe�cient, similar to
®lm coe�cients [18]. The shear stress for turbulent
pipe ¯ow can be de®ned in terms of axial momentum

di�erence per unit volume between the bulk ¯uid and
¯uid at the wall.

tw � km�rub ÿ ruw � �20�

Since the velocity at the wall uw � 0, Eq. (20) reduces
to simple form relating momentum transfer coe�cient
(km) with friction factor and bulk velocity.

tw � kmrub �
�
f

2
ub

�
rub �21�

Similar to Nusselt number for heat transfer or Sher-
wood number for mass transfer, the momentum trans-
fer coe�cient, can be written in dimensionless form,

called Fanning number (Fa ).

Fa � kmd

n
� f

2
Re �22�

Using Eq. (17), the analogy between heat, mass and
momentum can be written as,T
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f

2
� Nu

Re Pr

"
1�

����
f

2

r ÿ
T �i ÿ u�i

�#

� Sh

Re Sc

"
1�

����
f

2

r ÿ
C �i ÿ u�i

�#

� Fa

Re

"
1�

����
f

2

r ÿ
u�i ÿ u�i

�# �23�

Eq. (23) appears to con®rm the assumption {7}, as

otherwise it leads to mathematical inequality. If the
assumption {7} is invalid, it yields f 6� 1 hence the
momentum transfer term in Eq. (23) do not reduce to

f/2. It is found that Eq. (23) is applicable over entire
range of Pr/Sc and introduction of Fanning number
elucidates the analogy between heat, mass and momen-
tum transfer.

2.3. Analysis and discussion

Eq. (16) can be numerically integrated using Simp-

son's 3/8th rule and the calculated fully developed

radial temperature or concentration pro®les at various
Pr/Sc are presented in Fig. 2. Eq. (16) is found to rep-

resent closely the radial temperature or concentration

pro®les reported in the literature [19,20]. Based on the
reported experimental ®lm coe�cients, Eq. (19) was

tested with the 618 experimental data points. The data
compiled by Friend and Metzner [7] were also included

for the present analysis. Table 2 lists the details of lit-

erature data used for the present analysis. Fig. 3 com-
pares the experimental values with those predicted by

Eq. (19) for various sets of data on turbulent heat and
mass transfer in pipes. The predicted values are found

to be in good agreement with the literature data with

an average absolute error of 10.8% over the range
0:4RPr=ScR1� 105:
At Pr � 1, the function F�Pr, 26� yields a value of

14.0. In turbulent regime, the denominator term in Eq.
(19), with F�1, 26� � 14:0 can be approximated to

unity. Hence Eq. (19) approaches the Reynolds ana-
logy at Pr � 1: For practical purpose the function

F�Pr, 26� in Eq. (19) can be approximated in terms of

Fig. 3. Comparison of experimental ®lm coe�cients with those predicted using Eq. (19).

S. Aravinth / Int. J. Heat Mass Transfer 43 (2000) 1399±1408 1405



Prandtl number. Musschenga et al. [18] using extended

random surface renewal (ERSR) model, found that the
function F�Pr, y�� is proportional to Pr 2/3. Fig. 4
shows the dependence of F�Pr, 26� on Prandtl number

in logarithmic coordinates. The function appears to be
well represented by a linear relation on these coordi-
nates, and can be expressed in simple exponential form
as,

F�Pr, 26� � 14:0�Pr�2=3 �24�

Using the above relation, Eq. (19) can be written as,

St �
f

2

1�
����
f

2

r
�14:0Pr2=3 ÿ 13:2�

�25�

Eq. (25) was also found to give good prediction with

an average absolute error of 11.3%, which is better

than that achieved by most authors. However, Eq. (25)

can be simpli®ed as,

Table 3

Comparison of error with other equations

Pr/Sc range 0.4±10 10±102 102±103 103±105 0.4±105

Number of data points 286 156 98 78 618

Equation Abolute error percent average

Chilton±Colburn 18.2 13.1 23.0 26.7 18.7

Petukhov and Popov [3] 14.5 17.4 15.2 18.9 15.9

Petukhov [4] 14.0 10.7 9.5 8.7 11.8

Sandal et al. [5] 16.7 12.3 13.1 10.3 14.2

Friend±Metzner [7] 10.2 10.5 13.7 10.2 10.8

Gnielinski [8] 13.8 13.0 11.1 12.9 13.1

Pinczcwski and Siderman [9] 19.1 13.1 11.6 14.1 15.8

Present paper, Eq. (19) 11.7 11.3 8.9 8.8 10.8

Present paper, Eq. (25) 12.3 11.4 9.2 10.4 11.3

Present paper, Eq. (26) 11.1 10.6 8.6 8.5 10.2

Fig. 4. Evaluation of function F�Pr, 26�:
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Eq. (26) is similar to that of Petukhov [4] and found to

give best prediction over entire Pr/Sc range. Table 3
compares the predictability of proposed equations with
the previously published relations at various ranges of

Pr and Sc. At higher Prandtl number, Eq. (26) can be
approximated as,

Nu � 0:0757Re Pr1=3
����
f

2

r
�27�

Hence the exponent on friction factor attains a limiting
value of 1/2 required by von Karman hypothesis. Eq.

(27) also represents the theoretical cube root depen-
dence on Prandtl number, in agreement with the Chil-
ton±Colburn analogy. Using the Blasius friction factor

correlation, Eq. (27) reduces to simple equation pro-
posed by Notter and Sleicher [11] for Pr > 100,

Nu � 0:015Re0:88 Pr1=3 �28�
As mentioned by Friend and Metzner [7], Eq. (28)

appears to con®rm that at higher Prandtl number the
exponent on Reynolds number approaches the value of
0.90.

3. Conclusion

The present analysis seems to con®rm that at low

Prandtl number, the viscous sub-layer, bu�er regime
and turbulent core o�er resistance to the transfer pro-
cess, while at higher Prandtl number, the region near
the wall o�ers major resistance. All the transfer oper-

ations involving a phase boundary have been devel-
oped with resistance in series concept. In a similar
manner a model has been developed for the transfer

operation during ¯uid ¯ow through pipe, as it involves
solid±¯uid transfer process. Eq. (23) validates the
assumption that the transfer process depends upon

eddy di�usivity in viscous-bu�er zone, while in turbu-
lent core it depends upon eddy viscosity. This leads to
the conclusion that the resistance in the viscous-bu�er
zone depends on the characteristics of the solute at the

wall (mass transfer) or ®lm adjacent to the wall (heat
transfer); while in turbulent core the resistance depends
on that of the ¯uid properties. Therefore, it can be

assumed that the viscous-bu�er zone represents the
wall (solid) side transfer coe�cient, while the turbulent
core represents the ¯uid side transfer coe�cient.

A new expression for eddy di�usivity has been for-
mulated using the limit y�40, Prt � 1: The present
eddy di�usivity expression neglecting the e�ect of

Prandtl number while considering the radial variation
of Prt is found to represent the transfer process better

than the published correlations. Most of the previous
models, were based on assumption of Prt � 0:85:
Although this is true in the turbulent core, this can be

neglected since only the wall region o�ers major resist-
ance to the transfer process.
In general, from the data analysis it is observed that

the error of prediction is higher in the applicable range
of Pr/Sc, since all the equations are based on constant
¯uid property assumption. In heat transfer applications

or at low Pr, this assumption is not applicable, while
in case of mass transfer operations or at high Sc the
¯uid properties approach this assumption. Hence, all
the equations should give good prediction at high Sc.

But the practical applicability of an equation depends
upon its ability to predict transfer coe�cients under
non-isothermal condition or at low Pr. Among the

published correlations, Friend and Metzner equation
[7] represents the experimental data better than other
equations. In fact it gives best prediction at low Pr/Sc.

Petukhov equation [4] also predicts the experimental
data with good accuracy. Other correlations predict
the experimental data fairly well.

Although Eqs. (19), (25) and (26) can represent the
transfer process during ¯ow through pipes, the rec-
ommended equation for use is Eq. (26) as it provides a
simple and accurate means for predicting transport

coe�cients over a wide range of data. Such a general-
ized correlation can be safely applied for design calcu-
lations of heat and mass transfer equipments. Though

the semi-theoretical correlation presented in this work
satisfactorily represents limiting or isothermal co-
e�cient of heat transfer, non-isothermal deviations

may also be approximated with the present state of art
using Sieder±Tate viscosity correction. This concept
can be extended for other solid±¯uid transfer processes
involving turbulent ¯ow.
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